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By means of contractions of Lie algebras, we obtain new classes of indecomposable 
quasi-classical Lie algebras that satisfy the Yang-Baxter equations in its reformulation 
in terms of triple products. These algebras are shown to arise naturally from non- 
compact real simple algebras with non-simple complexification, where we impose that 
a non-degenerate quadratic Casimir operator is preserved by the limiting process. We 
further consider the converse problem, and obtain sufficient conditions on integrable 



Q^ 1 cocycles of quasi-classical Lie algebras in order to preserve non-degenerate quadratic 

Casimir operators by the associated linear deformations. 
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g i 1. INTRODUCTION: 

t> 
o 

Reductive Lie algebras have been shown to be the most convenient class of algebras for 
physical applications. They arise naturally as the Lie algebras of compact groups, and con- 
tain the class of semisimple algebras. Moreover, they have an important property, namely an 
invariant metric 1 , of crucial importance in problems like defining Wess-Zumino-Witten mod- 
els. Classically made on semisimple and reductive algebras, models based on non-reductive 
algebras have been shown to be of physical interest [1]. Other important applications of 
Lie algebras endowed with a symmetric non-degenerate invariant form, which we call here 
quasi-classical 2 , are for example conformal field theory, where they correspond to the Lie 
algebras admitting a Sugawara construction, or the Yang-Baxter equations, where quasi- 
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1 This metric arises immediately from the Killing tensor for the semisimple case. 

2 Other authors call algebras like these symmetric self-dual. 
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classical algebras provide classes of solutions [2-4]. 

A Lie algebra L is called quasi-classical if it possesses a bilinear symmetric form (., .) that 
satisfies the constraints 

([X,Y],Z) = (X,[Y,Z]), (1) 
If (X, Y) = 0, MX GL^>y = 0. (2) 

The first condition shows that the bilinear form satisfies an associativity condition (also 
called invariance), while the second expresses non-degenerateness. Given a basis {Xi, ..,X n } 
of L and the corresponding structure tensor {C^}, we obtain the expression of (., .) as: 

(X i ,X j ) = g ij . (3) 

Since the form is non-degenerate, we find an inverse to the coefficient matrix of (.,.): 
g % i = (gij)^ 1 . Obviously semisimple Lie algebras satisfy these requirements for the Killing 
form. Also reductive and abelian Lie algebras are trivially quasi-classical although in this 
case the Killing metric is no more non-degenerate. In [4] it was shown that a necessary 
and sufficient condition for the existence of such a form is that L admits a non-degenerate 
quadratic Casimir operator C = g al3 x a Xfs. Using the realization by differential operators 

Xi = C^Xk-rf-, this means that C is a solution of the following system of partial differential 

j 

equations: 

C*x k ^-C = 0. (4) 

Xj 

Using this characterization, we obtain a useful criterion to test whether a Lie algebra is 
quasi-classical or not, and in certain situations more practical than various pure algebraic 
structural results (see e.g. [5] and references therein). In particular, for any given dimension, 
the classification of quasi-classical Lie algebras follows from the classification of isomorphism 
classes once the invariants of the coadjoint representation have been computed. Therefore 
the problem of finding metrics reduces to an analytical problem, which is solved in low 
dimension [6, 7]. 

This paper is structured as follows: In section 2 we reformulate the Yang-Baxter equations 
in terms of triple products, which enables us to obtain some sufficiency criteria basing only 
on the structure tensor of a quasi-classical algebra. This triple product formulation is used in 
combination with contractions of Lie algebras to construct large classes of indecomposable 



3 



quasi-classical algebras that preserve the quadratic non-degenerate Casimir operator of a 
semisimple classical Lie algebra. In section 3 we focus on a kind of inverse problem, namely, 
deformations of quasi-classical Lie algebras that preserve the quadratic Casimir operator, 
and therefore, the associated metric. This leads to a characterization of such deformations 
in terms of integrable cocycles in the adjoint cohomology. 

2. YANG-BAXTER EQUATIONS AND QUASI-CLASSICAL ALGEBRAS 

2.1. Yang-Baxter equations and triple products 

Yang-Baxter equations (YBE) have been known a long time to embody the symmetries 
of two dimensional integrable models [8], and also appear in many problems concerning 
statistical physics and quantum groups. In addition to the classical semisimple case, non- 
reductive quasi-classical Lie algebras were recognized to provide some solutions of the YBE 
when these are rewritten in terms of triple products [9]. With this reformulation, some useful 
sufficient conditions can be found in dependence of the structure tensor of the quasi-classical 
Lie algebra. 

Given a finite dimensional vector space V with inner product (.,.), then, for any basis 
{i>i, ..,i> n }, we set the coefficients in the usual way 

(vi,Vj) := g i:j = gji 

and define the raising of indices 

n 

i=i 

Given a spectral parameter 9, we consider the map R(9) : V <E> V — > V <E> V defined by 

n 

R (9) ( Vi ® vj) = R % W Vk®v t . (5) 
k,i=i 

We obtain the Yang-Baxter equations in its usual form [8] from the relations 

R12 (0) Ris (0') R23 (0") = R23 (0") Ri 3 (9') R l2 (9) , (6) 

where 9" = 9' — 9. The equations can be rewritten using triple products, which provides 
sometimes a more convenient presentation for solutions governed by certain types of purely 
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solvable quasi-classical Lie algebras. Introducing the triple products [9] 

n n 

the YBE reduces to the relation 

n n 

[u, [v,Vj,w} e , , [e J ,x,y] e Y e , f = £ [v, [u.v^x]^ , [e 3 , w, y]* e „] g , (8) 

3=1 3=1 

where u,v,w,x,y G V. A particularly interesting case is given when the scattering matrix 
elements Rfy (9) satisfy the following constraint: 

< (0) -RJI(0) = 0. (9) 

In this case, the equation (8) becomes 

n n 

[u, [v,Vj,w] e , , [e\x,y] e ] e , f = [ v , i u , v 3, x ]e> » [ e ^ w ^]e"]e ' ^ 10 ) 

3=1 3=1 

subjected to the condition 

(u, [v,w,x] e ) = (v, [u,x,w] g ) . 

Even in this case, the solving of the equations is far from being trivial. However, it was 
found in [9] that if L satisfies the condition 

[L,[[L,L],[L,L]]] = 0, (11) 

then we have commutation relation 

[R jk (9) , R lm (9')} = 0, j, k,l,m= 1, 2, 3. (12) 

This is particular implies that the YBE (8) is satisfied. Classes of solvable Lie algebras in 
arbitrary dimension that satisfy these conditions have been constructed in [9], as well as 
examples where the commutation relation (12) is not necessarily satisfied. 

2.2. Contractions of quasi-classical Lie algebras 



In this paragraph we obtain additional classes of indecomposable nilpotent Lie algebras 
satisfying condition (11). In comparison with previous constructions, the class of algebras 
obtained here follows naturally from contractions of simple real Lie algebras that preserve 
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the quadratic Casimir operator. We can therefore construct quasi-classical algebras with 
prescribed inner product. 

We recall that a contraction L ~» L' of a Lie algebra is given by the commutators 

[X,Y]':= Jim ^[^(X) (13) 

where $i is a parameterized family of non-singular linear maps in L for all t < oo. 3 Among 
the various types of contractions existing, we consider here the so-called generalized Inonii- 
Wigner contractions given by automorphims of the type 4 

$ t (Xi) = r n *x u m e z. (14) 

Contractions can also be extended to invariants. Let F(Xi, X n ) = a tl " Ap Xi 1 ...X ip be a 
Casimir operator of degree p. Expressing it over the transformed basis we get 

F(^ t (X 1 ),..,^ t (X n )) =t^ + -" + ^a il -" i >>X il ...X ip . (15) 

Now let 

M = max {n h + ... + n ip \ a ll - ip ^ 0} , (16) 

and consider the limit 

F'(X 1 , .., X n ) — limr M F($ t (X 1 ),...,$ t (X n ))= V a^X h ...X ip . (17) 

n il +...+n ip =M 

It is not difficult to see that this expression is a Casimir operator of degree p of the con- 
traction. Imposing that the invariant remains unchanged by the contraction implies certain 
restriction that must not necessarily occur [11]. For our purpose, preservation of a non- 
degenerate quadratic Casimir operator implies automatically that the contraction is quasi- 
classical, and the induced inner product the same. To this extent, let s be a complex semisim- 
ple Lie algebra of classical type A h B h Q, D t and let si (I + 1, C) ,so (21 + 1, C) , sp (21, C) 
and so (21, C) be the non-compact simple real Lie algebra with complexification s © s. Let 
{Xi, .., X n } and {Yi,..,Y n } be a basis of each copy of s such that 

[Xi,Xj] = C\jX k , \Yi,Yj\ = C^Y k , [Xi,Yj] = 0, 

3 It is assumed that the limit (13) exists for any pair X, Y of generators in L. 

4 For properties of this type of contractions see e.g. [10]. 
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i.e., the structure tensor is the same in both copies. Considering the change of basis given 

by 

Xi = Xi + Yi, Yi = y/^i (Yi - Xi) , i=l,..,n, (18) 
the structure tensor over the basis {Xi, ..,X n ,Yi, --,Yn} is expressed by 

\X U X 3 ] = Cj.* fcj [X^Yj] = CgF fe , \Yi,Yj] = -C*X*. (19) 

Since s © s is quasi-classical for being semisimple, it admits quadratic Casimir operators 

Ci = g ab X a X b , C 2 = g ab Y a Y b . 

Suitable linear combinations of them provide a nondegenerate quadratic operator on the 
direct sum. Rewriting these operators in the new basis, we obtain the operators 

C l = (X i X j - Y t Yj) , C 2 = g* (X l Y J + YJC,) , (20) 

which are easily seen to be non-degenerate. It is natural to ask whether there exist non- 
trivial contractions of s © s such that the contraction preserves at least one of the preceding 
Casimir operators. In this way, the contraction is also quasi-classical with the same bilinear 
form as the contracted algebra. The suitable operator to be tested is C 2 . There is the well 
known obvious contraction s©s -w s® a d(s) n L\ determined by the parameterized changes of 
basis 

F t (X t ) = X t , F t (Fi) = j-F;, % = 1, .., n. 
The contracted invariants are as follows: 

lim -^A = -gW.Yj, 
lim \c 2 = g ij (XiYj + YpCj) . (21) 

Therefore the contraction preserves the invariant C 2 and is quasi-classical. There is another 
possibility of contracting s © s that also leads to a quasi-classical contraction. Consider the 
parameterized change of basis 

G t {Xi) = jX h G t (Yi) = ±Yi, i = 1, 

Then the contraction U has the following brackets 

\Xi,Xj] = 0, \XiJj] = 0, = -Cl x k . (22) 
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Therefore L' is an indecomposable nilpotent Lie algebra with n-dimensional centre. Con- 
tracting the invariants of s © s we obtain 

hm = g i3 ~X t Yj, 

lim \c 2 = g ij (XiYj + YpCA . (23) 

Thus the contraction is again quasi-classical, and it further satisfies the conditions 

C X L' = [L', L'\ = (Xi, ..,X n ) , C 2 L' = [L', C X U\ = 0, 

showing that L' is a metabelian Lie algebra. It actually satisfies the condition (11), and 
therefore the Yang-Baxter equations (8). The same formal construction holds for direct 
sums of copies of exceptional complex Lie algebras. 

Using specific realizations, like boson and fermion operators, other classes of quasi- 
classical algebras that preserve the quadratic Casimir operator of a simple Lie algebra can 
be constructed [11]. This occurs for example for the symplectic Lie algebras sp(N, R) given 
by the creation and annihilation operators: consider the linear operators aj,aj = 1..N) 
satisfying the commutation relations 

[a;,aj = Sijl, [ai,aj]= a], a] =0 (24) 

Considering the operators |o|a 3 -, a] a], ajOj|, we generate sp(N,M), the brackets of which 
follow easily from (24) . If we introduce the labelling 

X i j = a\a j , X-ij = a\a), X^j = a^j, 1 < i, j < N, (25) 

the brackets of sp (N, R) are comprised as: 

[Xij, X kj i] = SjkXii — 5uX kj + ei€j5j-iX k _i — e i €j5 i ^ k X_j i i, (26) 

where —N < k,l < N, Ei — sgn (i) and X it j + EiSjX-j-i = 0. Defining now the family 
of automorphisms 

$ t (X M ) = ±=X ifi , (1 < * < N), $ t (X M ) = lx itj , (i < j), * t {X id ) = X itj , (i > j) 
it is straightforward to verify that 

hm$rM^PO,^0n], (28) 
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exists for any pair of generators 1,7 6 sp(N, R) and defines a nilpotent Lie algebra. More- 
over, it follows that the (non-symmetrized) quadratic non-degenerate quadratic Casimir 
operator 

C 2 (xj —jX—jj Xi jXj i) -\- Xi^—iX—i^i j (29) 

is preserved by the contraction. In contrast to the previous example, the contraction has no 
fixed nilpotency index, and therefore must not satisfy the sufficient condition (11). 

We remark that the contraction method has previously been used in [12] to obtain limits 
of WZW-models, but without imposing preservation of invariants by contraction. 

3. DEFORMATIONS OF QUASI-CLASSICAL ALGEBRAS 

Although the obtainment of quasi-classical Lie algebras using contractions is quite natural, 
we can also consider a kind of inverse procedure, namely construct quasi-classical algebras 
by deformation of a given one. Like in the preceding case, the Ansatz is to impose that 
a non-degenerate quadratic Casimir operator remains invariant by the deformation. This 
imposition will lead to certain tensor equations that the cocycle generating the deformation 
must satisfy. 

Recall that a cocycle tp G H 2 (L,L) is a bilinear skew-symmetric form that satisfies the 
constraint [13]: 

d<p(Xi, Xj, X k ) := [X u tpiXj, X k )} + [X k , <p(Xi, X,)] + [Xj,<p(X k , X,)] + 

+^(X t , [Xj, X k \) + <p(X k , [X u Xj}) + <p(Xj, [X k , X,\) = 0. (30) 

for all generators Xi,Xj,X k of L. We further say that ip is integrable if it additionally 
satisfies the condition 

ip {<p{Xi, Xj),X k ) + ip ((p(Xj, X k ),Xi) + ip (ip(X k , X^iXj) = 0. (31) 

Under these conditions, it is straightforward to verify that the linear deformation L + ip 
is a Lie algebra [13] with the deformed bracket 

[X,Y] v = [X,Y] + <p(X,Y). (32) 

Supposed that L is a quasi-classical Lie algebra with (unsymmetrized) quadratic Casimir 
operator C = g al3 x a Xfl, we want to determine conditions on the integrable cocycle in order 
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to impose that L + (p is also quasi-classical, and has the same quadratic invariant C. To this 
extent, we realize the deformation L + <p by differential operators, and obtain the system of 
PDEs 



dC , <)C 

■X-i — ^ij x k 

Here 



x * = - *T" = 0. (33) 



13 K dxj 13 K d Xj 



<p(X i ,X j ) = c$ j X k (34) 

is the expression of the cocycle ip over the given basis. Inserting the operator C into the 
previous system (33), we obtain 



X t (C) = (pi!!' 1 ^^ - 4^^^> (35) 
Since C is an invariant of the undeformed Lie algebra L, the first term reduce to zero, 



C * Xk g^-^EL = o, 



a0 d(x a Xfs) 



dx 



3 



and equation (35) reduces to 



UC) = ( 36 ) 

If C is a common invariant of L and L + (p, then equation (36) must vanish. Taking into 
account that for any 1 < j < N the derivatives are given by 

(/■'•/•'•/) »°.o • 2g» Xj , (37) 



dx, 

3 m 



inserting it into equation (36) and reordering the terms, we obtain that for any fixed 
1 < % < N the following system of equations must be satisfied: 



N 

»;,//" <•• (38) 

3=1 

N 

Hi« JJ + E <9 tk + E a *9 jk = 0, (39) 

k=l k^j 

2 4^-E f 4^-0. (40) 
c4 3 9' k + ot\ k g 3k + 2a k j9 33 + 2a> k g kk + £ (a 3 l9 kl + a k g kl ) = 0. (41) 
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System (38)-(41) provides a necessary and sufficient condition for a linear deformation 
L + <p (with respect to an integrable cocycle ip) to be quasi-classical and preserve the non- 
degenerate quadratic Casimir operator of L. 

As example, consider the indecomposable six dimensional nilpotent Lie algebra n given 
by the brackets 

[X 4 ,X 5 ] = 2X 2 , [X4,Xq] = —2X 3 , [X 5 ,X G ] = —X\. 

This algebra is trivially seen to be quasi-classical with non-degenerate quadratic Casimir 
operator C = x\x 4 + 2x 2 xq + X3X5. 5 The coefficients of the associated form are 

9 U = 9 il = \, <j* = g«= ! f*=g™ = l. 
It can be shown that dimi/ 2 (n, n) = 30. Consider now the nontrivial cocycle given by 

V(X U X 2 ) = 2X 2 , V (X U X 3 ) = -2X3, X 5 ) = 2X 5 , V (X U X 6 ) = -2X 6 , ip(X 2 ,X 3 ) = X u 

<p(X 2 ,X 4 ) = -2X 5 , <p(X 2 ,X 6 ) = X 4 , V (X 3 ,X 4 ) = 2X 6 , V (X 3 ,X 5 ) = -A^42) 

It can be verified that if satisfies equation (31), and is therefore integrable. Let g = n + ip 
be the corresponding linear deformation. With some computation it can be shown that tp 
satisfies the system (38)-(41), which implies that the deformation q is quasi-classical and has 
C as invariant. Actually, q is isomorphic to the semisimple algebra so(2, 2), and considering 
the maps 

f t (X i ) = ±X i , (i = 1,2,3), f t (Xi) = -j=X t , (z = 4,5,6) 

in = n + (p, the corresponding contraction recovers n and preserves the invariant. Although 
in general a deformation is not associated to a contraction [14], this example illustrates a 
general result, the proof of which follows by direct computation: 

Let L ~» L' be a non-trivial contraction of a quasi-classical Lie algebra L that preserves a 
non-degenerate Casimir operator C. Then there exists an integrable cocycle ip G H 2 (L',L') 
such that (p satisfies (38)-(41) and the linear deformation V + ip preserves the Casimir 
operator C. 

We finally remark that deforming quasi-classical Lie algebras by means of integrable 
cocycles satisfying conditions (38)-(41) has the advantage of preserving the signature of the 
metric. For applications to the WZW model, this means that the signature of the space-time 



5 Here the symetrized form is simply C symm — X1X4 + 2XiX§ + X3X5. 
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is preserved, and therefore, both the deformed and non-deformed models can be compared 
since they are described by the same metric. Although a difficult task in general, it would 
be an interesting problem to characterize those Lie algebras which actually admit cocycles 
of this type. Work in this direction is in progress. 
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